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UNIT 5: POLYNOMIAL RINGS

Definition: Let R be an arbitary ring and x is called an indeterminate means any symbol
but not an element of R.By a polynomial in x over R means an expression of the form

f(x) = anO + a;x + a2x2 + a3x3 + -4 00

i.ef(x)= Z a,x" where ay, a4, a,, as, ...are elements of R and only a finite number

n=0
of them are not zero.
Here agx®, a;x,a,x?, asx3 ...are called terms of the polynomials. and
ag, a4, Qy, az, ...are called coef ficients of these terms.

Definition: Let R be an arbitary ring and x is an indeterminate.The set of all polynomials f(x
fx) = z ap,x™ = agx® + a;x + ayx? + azx3 + -+ + oo is called R|[x]
n=0

i.e R[x] = The set of all polynomials in x over R

Definition: Let R be an arbitary ring and f(x), g(x) be any two elements in R[x].
Now f(x) = apx® + a;x + ax? + azx® + - and

g(x) = bgx® + byx + byx? + byx3 + --- then

() f(x) =gx) & a, = b, for everynon — negative integers.

(i.e Two polynomials are equal if f theirco — ef ficient are equal.)

]

Cnx™ = cox° + ¢1x + c3x% + c3x3 + -+ co where ¢, = a, + b,

@) fx) +gx) =

0

S
Il

for every non — negative integers.
Since c¢,, € R and a finite number of c's can not equal to zero.

o~ f(x) + g(x) is also an element of R[x].Thus R[x] is closed under addition.

(@D f(x)glx) = z dpx™ = dox® + dyx 4 dyx? 4 dax3 4+ - + o0
n=0

-
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Where d,, = agb, + a1by_1 + ayb,_, + -+ apby
(apx® + a;x + apx? + azx® + -+ ) (bpx® + byx + byx* + byx> + -++)

= (aobo)xo + (a1b0 + aobl)x + (azbo + albl + aobz)xz + .-

i.ed, = Z a;bj , inparticular dy = agby; di = a1by + agby; d3 = ayby + a1by + agb,

i+j=n
Since d,, € R and a finite number of d's can not equal to zero.
s~ f(x)g(x) is also an element of R[x].Thus R[x] is closed under Multiplication.
Definition: A polynomial f(x) = agx® + a;x + ayx? + azx3 + -+ is said to be zero
polynomial if foreacha, =0 V non — negative integers.
ief(x)=0.x°+0.x +0.x% +0.x3 + -
Degree of polynomial: A polynomial f(x) = agx® + a;x + ayx? + azx3 + -
is said to be degreenif a, # 0and a,, =0 Vvm>n
e f(x) =apx’+ax +ax?+azx®+-+a,x" ifa,#0anda,, =0 vm>n
~ a,x™is called leading term of f(x) and a,, is called leading coef ficient of f(x) and
ayx® is called constant term of f(x) and a, is called coefficient of zero th term f(x)
Constant polynomial: A polynomial containing only constant term is called constant
polynomial. Ex: 5x°
Note: 1.The degree of constant polynomial is zero
2.The degree of zero polynomial is undefine
i.e 0(x)=0.x°+0.x+0.x% +0.x3 + -
3.Degree of (f(x) + g(x)) < Maximum of { degf (x), deg(g(x)}
if f(x)+ g(x) are not zero polynomial.
Example: f(x) = 3x + 5x? — 7x* and g(x) = 2x? + 5x3 are two polynomial
over the ring of integers.

Now f(x) + g(x) = 3x + 7x% + 5x3 — 7x*




So deg{f(x) + g(x)} = 4 = degof g(x)
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4. f(x)g(x) = Bx + 5x2 — 7x*)(2x? + 5x3) = 6x3 + 10x* — 14x% + 15x* + 25x> — 35x7

= 6x3 + 25x* + 25x° — 14x% — 35x7

i.e deg{f(x).g(x)} =7 < degof f(x) + degofg(x)

if f(x).g(x) are not zero polynomial.

Theorem:If R is an integraldomain so is R[x]
Proof:R[x] = The set of all polynomials in x over R.

Let f(x) = agx® + a;x + a,x? + azx3 + - + apx™ + -

g(x) = box® + byx + byx? 4+ byx3 + - + byx™ + -

h(x) = cox® + c1x + c3x% + c3x3 4 -+ c,xP + -+ be three elements in R[x]
sothata; =0 Vi>m, bj=0Vj>nc=0Vk>p
(i) + is a binary operation on R[x|:

Let r = Max{m,n}thena, =0 fort >rand b, =0 fort >r

. at+bt:0 Vt>r

“ f(x) + g(x) = (ag + bo)x° + (ay + by)x + (az + by)x* + -+ (a, + by )x" + -

Sothat a; +b, =0 Vt>r
By definition of the polynomial f(x) + g(x) € R[x]

(ii) - is binary operation on R|[x]:

If l>m+ntheni+j=1 wheneitheri>morj>nsoab;=0Vi+j>m+n

o

f(x)g(x) = doxO +dx + dzxZ 44 dm+nxm+n + -+ whered .y = Z a;

i+j=m+n

sothatd; =0VI>m+n
~ By definition of polynomial f(x)g(x) € R[x]

~ R[x] is closed under multiplication.

]

b:
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(iii) + is commutative:

f(x) + g(x) = (ag + b)x° + (ay + by)x + (az + by)x* + -+ (~ + is commutative in R)
=g+ f(x)

(iv) + is associative:

[f () + 9] + h(x)

= [(ay + by) + colx® + [(a; + by) + c1]x + [(ay + by) + cy]x? + -+

(+ + is commutative in R)

= [ag + (by + co)]x° + [a; + (by + c)]x + [ay + (b, + ¢3)]x? + -

= f(x) + [g(x) + h(x)]

(v) Existanceof additive identity (or) Zero elementof R[x]: For 0 € R,
0(x) =0.x°+0.x +0.x%2 4+ 0.x3 + -+ € R[x]

For any f(x) € R[x],

f(x) +0(x) =(ag+0)x° + (a; + 0)x + (a, + 0)x? + -+

= agx® + a;x + ayx? + azx3 + - = f(x)

Since + is commutative, fx)+0(x) =f(x)=0x)+f(x)

20(x) =0.x°40.x + 0.x% + 0.x3 + - is the zero element of R[x]

(vi) Existanceof additive inverse:

Let f(x) = agx® + a;x + a,x? + azx3 + --- € R[x] Then ay,a,,a,,as, ... ER
since R is aring so we have —a,, —a,, —Qa,, —asz, ... E R

= (—ag)x’ + (—a)x + (—az)x? + (—az)x>® + -+ € R[x] say f1(x)

Now f(x) + f1(x) = [ag + (—ag)]x® + [a; + (—a)]x + [a, + (—ay)]x? + -
=0.x°+0.x+0.x24+0.x3+ .- =0(x)

Since + is commutative, f)+ () =0(x) = f1(x) + f(x)

o f1(x) is additive inverse of f(x)

. Every element of R[x] has inverse in R[x]
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(vii) - is an associative:

fX)g(x) =(agx® + a;x + ayx? + azx3 + ) (bgx°® + byx + b,x? + byx3 + -++)

=dox® + dyx + dyx? + -+ dgx® + -+ whered = Z a;b;

i+j=s
[f () g()]h(x) = (dox® 4+ dyx + dyx? + -+ dsx® + -+ )(cox® + cyx + c3x% + c3x3 + )
=egx? + e;x + e;x? + e3x3 + -+ ext + -

Where e, is the coef ficient of x* in [(f(x)g(x)]

oo oo oo oo
e = Z dsc, = e; = z z ab; | ¢, = z a;bjcy
t=s+k t=s+k \i+j=s t=i+j+k
oo
Similarly we can prove that the coef ficient of x* in f(x)[g(x)h(x)] is Z a;bjcy
t=i+j+k

= [fG)g)]h(x) = () [g(x)h(x)]
Since the corresponding coef ficients in these two polynomials are equal.

(viii) - is distributive under addition: Let t be any non — negative integer.

(0]

The coefficient of xt in f(x) - [g(x) + h(x)] = z a;-(bj +¢) = z (a; b +a; - c;)

t=it+j t=it+j

oo

= Z alb]+ z Cll"Cj

£=T+j =
= The coefficient of x* in f(x) - g(x) + The coefficient of xt in f(x) - h(x)
“f) - [g() + h()] = f(x) - g(x) + f(x) - h(x)

Since the corresponding coef ficients in these two polynomials are equal.
Similarly we can prove that [g(x) + h(x)] - f(x) = g(x) - f(x) + h(x) - f(x)
~ (R[x],+,”) isring

(ix) - is commutative: Let t be any non — negative integer.
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The coefficient of xtin f(x) - g(x) = Z a;*b; = z bj - a; (~-is commutative)

t=i+j t=j+i
= The coefficient of x* in g(x) - f(x)
S fO) gl =g) - f(x)
Since the corresponding coef ficients in these two polynomials are equal.
~ (R[x], +,") is commutative ring
(x) R[x] has no zero divisors:
Let f(x) = apx® + ayx + a,x? + azx® + -+ apx™ + -+, ayp #0
g(x) = box® + byx + byx? + byx3® + -+ byx™ + -+, b, # 0 be two
non — zero elements in R[x]
Then f(x)g(x) can not be a zero polynomial.i.e zero element of R|[x].
The reason is that at least one coef ficient of f(x)g(x) namely a,,b, of x™*™ # 0,
because a,,, b, € R and R has nozero divisors
~ R[x] has no zero divisors.
~ (R[x], +,”) is integral domain.
Theorem 2:If R is commutative ring with unity so is R[x]
Proof:Write the proof of above theorem from i to ix steps
(x) R[x] has unity element:If 1 € R is the unity element then
1(x)=1-x°+0.x+0.x> +0.x3 + --- € R[x]
Let f(x) = agx® + a;x + a,x% + azx3 + --- be any element of R[x]
Now f(x)-1(x) = (ap-Dx°+ (a; 1+ 0)x + (ay -1+ 0)x? + -
=agx’ + a;x + a,x? + azx3 + - = f(x)
Since - is commutative
f)-1(x) =1(x) - f(x) = f(x)

~ 1(x) is the unity element in € R[x]




45

Note: Let f(x) and g(x) be two non — zero polynomials in R[x|then
(i)Degree of [f(x) + g(x)] < Max of { degf(x),degg(x)} if f(x)+ g(x)isnota
zero polynomials
(ii)Degree of [f(x) - g(x)] < degf(x) + degg(x) if f(x)-g(x)isnota
zero polynomials
(iii) If f(x) is any polynomialin R[x] then f(x) - 0(x) = 0(x)
(iv) If R is an Integral domain and f(x),g(x) be two non — zero polynomials in
R[x] thendeg of [f(x)-g(x)] = degf(x) + degg(x) if f(x)-g(x)isnota
zero polynomials
(w) If Ris field and f(x),g(x) be two non — zero polynomials in
R[x] thendeg of [f(x)-g(x)] = degf(x) + degg(x) if f(x)-g(x)isnota
zero polynomials (- Every fieldis an integral domain )
Theorem 3:If F is a field then F[x] is an integral domain but not a field
Proof: Write the proof of theorem 1
Let f(x) be any polynomial in F[x] of degree greater than zero.
The inverse of f(x) is not a zero polynomial because the product of f(x)and
zero polynomial is zero polynomial{i.e f(x) - 0(x) = 0(x)}
and is not equal to unity element of F[x](1(x) =1-x°+ 0.x +0.x2 + 0.x3 + -
Suppose g(x) is any non — zero polynomial in F|x].
Since F is afield,
Now degof [f(x)-g(x)] = degf(x) + degg(x) >0 (~degf(x) > 0and degg(x) = 0)
Since degree of unity element is zero, f(x) - g(x) can not be equal to unity
element of F|x]

~ f(x) has no inverse in F[x]
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Theorem 4(Division algorithm for polynomials): Let F be a field. For any f(x), g(x)
€ F[x]and g(x) # 0(x) then there exists unique polynomials q(x),r(x) € F[x]
such that f(x) = g(x)q(x) + r(x) Where r(x) = 0(x)or degr(x) < degg(x)
Proof: Consider the set S = {f(x) — g(x)h(x)/h(x) € F[x]}

For 0(x) € Flx],

f(X)—gx)-0(x) =f(x)—0x)=f(x) ES=S #Pand S < F[x]

Let 0(x) € S, By the definition of S, 3 q(x) € F[x] suchthat

0(x) =f(x) —g(®) - q(x) = fF(x) = g(x) - q(x) + 0(x)

= f(x) =gx) - -q(x) + r(x) Wherer(x) = 0(x) € F[x]

The theorem is proved.

Let 0(x) & S

Then all the polynomials in S are non — zero polynomilas and hence non — negative
degree.

Let r(x) € S be a polynomial of least degree

By the defof S,3 q(x) € F[x] suchthat r(x) = f(x) — g(x)q(x)

= f(x) = g(x)q(x) +r(x) — (1)

Now we showthat degr(x) < degg(x).

Let g(x) = agx® + a;x + ayx? + -+ ap_1x"  + a,x™ + -+ wherea, # Obea
polynomial so that degg(x) =n

If possible suppose m = degr(x) = degg(x)

Let 7(x) = cox° + c1x + c3x% + -+ ¢y x™ L+ cpx™ + -+ wherec, # 0 be a
polynomial

-1,,m—n

Now cpranz x™ "g(x) = cpantagx™ ™™ + cpanta x™ " + o+ cpantaxm

Cmaglxm—ng(x) — Cmar_llaoxm_n + Cmaglalxm—n+1 4 ot mem

21 (x) = cox® 4+ o x + cx? +  t Cpo X+ cppx™ -
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= 7(x) = cox® + c;x + X% + -+ Cpo 1 X+ [epantx™ g (x) — cpan tagx™ "
— cpanta x™ — o — e anta, 1 x™ ]
= 7(x) = cpantx™ g (x) + (1 — Cman tap_)x™ 1+ -+ c1x + c,x2 + cox°
= r(x) = cpapy'x™ g (x) + a(x) — (2)
Where a(x) = (Cpe1 — Cm@ntap_)x™ 1+ 4+ c1x + c,x2 + ¢cox°
~dega(x) <m—1= dega(x) < m = dega(x) < degr(x)
From (1) & (2)
f@x) = g()q(x) + cpan'x™ g (x) + a(x)
= f(x) = g()[q(x) + cpaz'x™ "] + a(x)
= a(x) = f(x) —g)B(x) Where f(x) = q(x) + cpay'x™ ™™ € F[x]
= a(x) €S
Thus a(x) € S and dega(x) < degr(x)
Which is a contradiction to degr(x) to be the least.
«. Our supposition is wrong.
Hence degr(x) < degg(x)
Thus there exists q(x),r(x) € F[x] sothat f(x) = g(x)q(x) + r(x)
Where r(x) = 0(x) or degr(x) < degg(x)
Uniqueness of q(x),r(x):If possible suppose that q*(x),r'(x) € F[x] so that
FO) = g(x)q (%) + 71 (x) where ri(x) = 0(x) or degri(x) < degg(x)
2 g()q() +7r(x) = g)g(x) + 7 (x) = g()[q(x) — ' ()] =r1(x) —r(x)
If q(x) — q*(x) # 0(x) thendeg(g(x) - [q(x) — ' (x)]) = degg(x) + deg(q(x) — q*(x)]
[Since Flx] is an1.D, g(x) # o(x),q(x) — q*(x) # 0(x) = g(x)[q(x) — " (x)] # 0(x)]
« deg[r*(x) —r(x)] = degg(x) + deg(q(x) — ¢*(x)]
= deg[r!(x) —r(x)] = degg(x)

Which is a contradiction to degr(x) < degg(x),degr(x) < degg(x)
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~q(x) = q'(x) = 0(x) and r*(x) — r(x) = 0(x)

= q(x) = q*(x) and r'(x) = r(x)

Theorem 5:IfF is a field then F[x] is principal ideal domian.
Proof:Since F is a field

F[x] = The set of all polynomials in x over F.

. F[x] is an integral domain.

Let I be any ideal of F|x].

Let I = {0(x)} where 0(x) is the zero element of F|[x]

Then I =< 0(x) > is the ideal generated by 0(x)

~ 1is a principal ideal.

Let I # {0(x)} so there exists g(x) # 0(x) € I so that the set {degg(x)/g(x) # 0(x)}is
non — negative integers.

By the well ordering principal 3 f(x) # 0(x) € I so that degf (x) < degg(x)
for g(x) #0(x) €1

To prove that | =< f(x) >

Let h(x) be any element of |

By division algorithm for polynomials so Junique q(x),r(x) € F[x]so that
h(x) = f(x)q(x) + r(x) where r(x) = 0(x) or degr(x) < degf(x)

Since f(x) € 1,q(x) € F[x] and I is an ideal = f(x)q(x) €1

Since h(x) €I, f(x)q(x) € I and I is an ideal = h(x) — f(x)q(x) € I

= h(x)—f)gx)=rx) el =rx) el

Since r(x) € Iand r(x) = 0(x) or degr(x) < degf (x)

If r(x) €I and r(x) # 0(x) then degr(x) < degf (x)

Which is a contradiction to degf (x) is the least. ~ r(x) = 0(x)

s~ h(x) = f(x)q(x) + 0(x) forsome q(x) € F|x]
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=~ IT={f(x)g(x)/q(x) € F[x]}

I =< f(x) > is a principal ideal.

~ Every ideal is a principal ideal.

~ Flx] is a principal ideal domain.

Problems

1.Find the sum and product of the polynomial f(x) = 2 + 3x — 4x* + 5x3,
g(x) =5—2x+ 3x%* — 2x3 + 2x* over Z

Sol: f(x) =2+ 3x —4x? +5x3,g(x) =5 — 2x + 3x% — 2x3 + 2x*
fxX)+gx) =(@2+3x—4x? +5x3) + (5 — 2x + 3x%2 — 2x3 + 2x%)
=7+x—x%+3x3+ 2x*

fx) - g(x) =2+ 3x —4x? +5x3) - (5 — 2x + 3x% — 2x3 + 2x%)

=10+ (—4+15)x+(6—-6—20)x>+(—4+9+8+25)x3+(4—6—12 —10)x*
+ (6 +8+15)x° + (=8 — 10)x° + 10x7

=10+ 11x — 20x% + 38x3 — 24x* + 29x° — 18x° + 10x7

2.Find the sum and product of all the polynomials f(x) = 2 + 3x + 5x2, g(x)
=1+ 2x + 3x% over Zg

Sol: f(x) = 2+ 3x + 5x2,g(x) = 1+ 2x + 3x2 over Zg

fxX)+gx) =@2+3x+5x%) + (1 +2x +3x%) = (2+61) + B+62)x + (5+43)x?
= 3 + 5x + 2x?

fx) - g(x) =2+ 3x+5x?) - (14 2x + 3x?)

= (1X62)+[(1 %63) + (26 2)]x + [(1 X6 5) + (2 Xg 3) + (3 X4 2)]x?

+[(3 x¢ 3) + (2 X 5)]x3 + (3 Xg 5)x* = 2 + x + 5x2 + x3 + 3x*

3. Find the sum and product of all the polynomials f(x) = 2 + 3x + 4x2, g(x)
=4+ 2x + 3x* over Zs

Irreducible polynomials: Let F be a field. A non — constant polynomial f(x) € F[x]

is said to be irreducible polynomialover F if f(x) cannot be expressed as the product of two
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polynomials of lower degree thant he degree of f(x).

i.e f(x) # g(x)h(x)

Problems

1.f(x) = x* + 1 is irreducible over the field of R but it is reducible over C
Sol: f(x) = x>+ 1= (x+i)(x — i) is reducible over C

butx? + 1= (x +i)(x — i) where i & R s irreducible over the field of R

2. f(x) = x* — 2 is irreducible over the field of Q but it is reducible over R
Sol: f(x) =x*>—-2= (x + \/E)(x — \/E) is irreducible over Q

but x*+1 = (x + \/E) (x — \/E) whereV2 € R is reducible over the field of R
Eisenstien criteria: Let f(x) = agx® + a;x + a,x? + -+ + ap_1x" 1 + a,x™ € Z[x],
n = 1.If there is a prime p such thatp/ay,p/ay, ...0/An_1,p t ay and p? t a, then
f(x) is irreducible over Q.

Proof: Given thatf (x) = agx® + a;x + a,x? + -+ + a1 x" 1 + a,x™ € Z[x],

n=1

Assume that there exist a prime p such that p/aq,p/ay, ...p/an_1,p t a, and p? t a,.
If possible suppose that f(x) is reducible over Q.

By using definition of reducible polynomial

f(x) = (bgx® + byx + byx? + -+ + b x")(cox® + c1x + c3x% + -+ + ¢x5)

Where b;,c;i E Zandr <nands<nandr+s=n

Compare the coef ficient on both side we get ay = bycy, ... , a, = b,c;

By hyp;p? t ag and p t a,, = p? t bycy and p t b,.cs — (1)

But it is given that p? t ag and p/a, = p? + bycy and p/byc,

(suppose that p/bycy = p/byand p/c,

= by = pm;and ¢, = pl forsomem,l € Z
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Now bycy = (pm)(pl) = p?lm = bycy = p*n where n =Ilm € Z = p?/byc, = p?/a,
Which is contradiction to p? t ag.So p/byc, is not possible

= p? } bycy = either p/cy, andp t by or ptcyandp/b,

Here we consider the p/c, and p t by

From(1) ptb.cs=p+tb, and ptcg

Let c,, be the first coef ficient of s in cox® + c1x + c,x2 + - Cx™ + -+ + cx° such that
ptcn,=ptaybecausep/a,, = pv/c, Since a,, = combination of c,,and b,,
am=a, (*"pta,) >m=n
pltcpn=ptc(lastterm) = =m<s=m<s<n=n=m<s<n=>n<s<n
= n <nWhich is a contradiction.

Similarly the same absurdity happen in case p t ¢, and p/b,

= In both cases we get contradiction = Our assumption was wrong.

= f(x) should be irreducible over Q

Problems

1.Show that f(x) = x* — 2 is irreducible over Q

Sol: f(x)=—-2+4+0-x+x?€Z[x] Hereay=-2,a;, =0,a, =1

Take least prime,p = 2;2/—2 = p/ay; 2/0 = p/a;,211=p 1t a,
p?=4and 4+t -2=p*ta,

By Eisenstein criterion f(x) = x? — 2 is irreducible over Q

2.Show that f(x) = x* + 2x + 2 is irreducible over Q

Sol: f(x) =2+2x+0.x2+0.x3 +x* € Z[x] Hereay,=2,a;, =2,a,=0,a;3 =0,a, =1
Take least prime,p = 2; 2/2 = p/ay;2/2 = p/a,,2/0 = p/a,,
2/0=>p/az,2t1=ptay

p?=4and 442 = p?ta,

By Eisenstein criterion f(x) = x* + 2x + 2 is irreducible over Q
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3.Show that f(x) = 25x° — 9x* + 3x% — 12 is irreducible over Q
Sol: f(x) = =12+ 0.x + 3x% + 0.x3 — 9x* + 25x° € Z[x]
Hereay=-12,a, =0,a, =3,a3 =0,a, = —9,a; = 25

Takep =3; 3/—12=p/ay;3/0=p/a,,3/3 = p/a,,

3/0 = p/as,3/—9 = p/as, 3425 =p+tas
p?=9and 9+t -12 = p? t a,

By Eisenstein criterion f(x) = 25x> — 9x* + 3x? — 12 is irreducible over Q
4.Show that f(x) = 8x3 + 6x* — 9x + 24 is irreducible over Q
Sol: f(x) = 24 — 9x + 6x? + 8x3 € Z[x]

Hereay = 24,a, = —9,a, = 6,a; =8,

Takep =3; 3/24 = p/ay;3/—9 = p/a,,3/6 = p/a,,
318=nptas

p?=9and 91424 = p?+ta,

By Eisenstein criterion f(x) = 8x3 + 6x? — 9x + 24 is irreducible over Q
5.Show that f(x) = 2x° — 5x* + 5 is irreducible over Q

Sol: f(x) =5+ 0.x+ 0.x%2 + 0.x3 — 5x* + 2x° € Z[x]

Hereay, =5,a; =0,a, =0,a; =0,a, = =5,a5 = 2

Takep =5; 5/5=p/ay;5/0 =p/a;,5/0 = p/a,,

5/0 = p/as3,5/-5=p/a,,5t2=p1tas

p?=25and 25+5=p?ta,

By Eisenstein criterion f(x) = 2x° — 5x* + 5 is irreducible over Q
6.Show that f(x) = x3 — 5x* + 10 is irreducible over Q

Sol: f(x) =10 + 0.x — 5x2 + x3 € Z[x]

Hereay, =10,a, =0,a, = =5,a; =1,

Takep =2o0r5;, 5/10 = p/ay;5/0 = p/a,,5/-5=p/a,,




5t1=nptas

p? =25and 25+ 10 = p? t q,

By Eisenstein criterion f(x) = x3 — 5x2 + 10 is irreducible over Q
7.Show that f(x) = x* — 22x* + 1 is irreducible over Q

Sol: f(x) =1+ 0.x —22x% + 0.x3 + x* € Z[x]

Hereay=1,a, =0,a, = —-22,a3;=0,a, =1

Take least prime,p = 2; 2/1 = p t aq,

By Eisenstein criterion cannot apply.

ap = 1 has two factors —1and 1inZ
f(-1)=1-224+1=-20+#0,f(1)=1-224+1=-20+0

~ f(x) has no linear factor.

Now x* —22x? + 1 = (x? + ax + b)(x? + cx + d) in Z[x]
x*—22x2+1=x*+x3(a+c)+x?(b +ac+d)+x(ad + bc) + bd
=a+c=0—>(1),b+d+ac=-22—(2),ad+bc=0— (3),bd=1— (4)
Wherea,b,c,d € Z

From(4) =bd=1=b=d=1orb=d=-1

b=d=1

From (2) =2+ ac =-22 = ac =—-24

b=d=-1

From (2) = -2 +ac=-22 = ac=-20

From(l) > a+c=0=a=—c
ac = —24 and a = —c = c¢? = 24 and
ac=-20anda=—-c=c%*=20

But c? = 24 or ¢? = 20 are impossible in 7

~ f(x) has no factor of 2 nd degree.
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Hence f(x) is irreducible in Q
8. Prove that x* + x + 4 € Z,[x] is irreducible over 7,
Sol:Let f(x) = x4+ x + 4,Zy; = {0,1,2,3,4,5,6, ... L0}Nowf(0) = 4 = 0; f(1) = 6 # 0;

F(2)=10#0

16 24
fB)=9+3+4=2=52#0f(#)=16+4+4=72=2%0,

34 46
f(8)=25+5+4=2=1%#0,f(6)=36+6+4=2=2%0

60 76
f(7)=49+7+4=H=5¢0,f(8)=64+8+4=H=10¢0,

94 114
f(9)=81+9+4=ﬁ=6¢0,f(10)=100+1O+4=F=4¢0

~x —awherea =0.1,2...10 is not a factor of f(x).

~ f(x) is irreducible over 744

9.1s Q[x]/< x> — 5x + 6 > is a field? Explain.

Sol: f(x) =x?2-5x+6=(x—2)(x—3)

~ f(x)is not irreducible over Q and hence < f(x) > is not a maximal ideal of Q[x].
Hence Q[x]/< f(x) > is not a field

10.1s Q[x]/< x* — 6x + 6 > is a field? Explain.

Sol: f(x) =x?>—6x+6Hereay,=6,a, = —6,a, =1

Letp =2, 2/6 = p/ay.2/—6=p/a;,2+t1=pta,

and p? = 4, 411=p%ta,

By Eisenstein criterion f(x) = x?> — 6x + 6 is irreducible over Q

~ f(x) is irreducible over Q and hence < f(x) > is a maximal ideal of Q[x].
Hence Q[x]/< f(x) > is a field

Uniqueness of factorisation theorem:Let F be a field and f(x) € F{x] be a non

—constant polynomial. Then f(x) can be written as a product of irreducible polynomial in
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F[x] in a unique way except for order and for unit factor in F.

Proof:Let f(x) € F[x] be a non — constant polynomial.

If f(x) is reducible then f(x) = p;(x)h(x) where p;(x), h(x) € F[x] with degree of
both p;(x), h(x) less than the deg f (x).

If both p,(x), h(x)are irreducible then proof is over.

If not, at least one of them,say h(x) can be written as h(x) = p,(x)v(x)

where p,(x),v(x) € F[x] with degree of both p,(x),v(x) less than the deg h(x).
Proceeding in this way we get f(x) = p;(x)p,(x) ... (%)

Where each p;(x),i = 1,2,3 ...m is irreducible.

If possible suppose that f(x) = q;(x)q,(x) ... q,,(x) be another factorisation of f (x).
= P1OP2(X) . P (X) = q1(0) g2 (%) ... g5 (x) = (1)

Since p;(x)/f(x) = p1(x)/q1(x)q2(x) ... g (x)

= p,(x) divides at least one of q,(x), q2(x), ... g, (x)

Let py(x)/q,(x)

Since q;(x) is irreducible we have q,(x) = u;p,(x) where u; # 0 € F is a unit.
From(1); p1(x)pz(x) ... pom (X) = u1p1(x)q2(x) ... 45 ()

= P2(X) . P (1) = u1G2(X) .. 4 (x) = (2)

Repeat, the arguement on the relation (2) with p,(x).

Let po(x)/q2(x)

Since q,(x) is irreducible we have q,(x) = u,p,(x) where u, # 0 € F is a unit.
From(2); p2(x)p3(x) ... pm (x) = u1usp2(x)q3(x) ... gn (x)

= p3(%) . P (X) = Usuzq3(%) ... g (x) = (3)

Ifn > m,after m steps we get a relation with 1 = uquy ... Uy Grme1 (X) ... g ().
Clearly, the above equation is impossible unlessm = n

~ We arrive at 1 = uqu, ... u,, (* n =m)
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Hence the irreducible factors p;(x)and q;(x) must be same except for order and for unit

factor in F




